Abstract. We consider cylindrical dielectric waveguide with a core having a high contrast inset. It is assumed, that for certain conditions, for a waveguide with an insertion in the core there is a bound state appears below the bottom of the continuous spectrum. In this paper we pose the problem of proving the existence of such state and obtain an upper estimate of the distance from the eigenvalue to the threshold.
Introduction
Optical fibers containing inclusions with high contrast in permittivity are widely used (see, e.g., [1] [2] [3] [4] [5] ). We consider a cylindrical dielectric waveguide (permittivity ߝ = ߝ 1 ) with a core (permittivity ߝ = ߝ 2 ‫ب‬ ߝ 1 ). The core has an insertion with width 2a of a material higher contrast. The waveguide is unbounded in the direction of z. We show that a bound state below the bottom of the continuous spectrum exists for the system. Variational approach is used. Propagation of electromagnetic waves along the waveguide is described by a scalar dimensionless Helmholtz equation for the electric field. For proof we need to construct the trial function, approximately satisfying the equation, and obtain the necessary estimate, which should be negative. The method is analogous to that suggested in [6] . This method is applicable to eigenvalues below the continuous spectrum. The result can be generalized to the periodic system of such insets in the core. In this case, one has an additional spectral band instead of the bound state. It is possible that such periodic system has photonic crystal property. As for eigenvalues lying in spectral gaps, the method should be essentially modified [7] . There are numerous works concerning to eigenvalue below the threshold for various waveguides systems (see, e.g., [8] and references therein). Trapped modes (i.e. eigenvalues embedded in the continuous spectrum) are of special interest. There is an extensive literature about the occurrence of trapped modes in curved closed waveguides (see, e.g., [9, 10] ).
The method of the proof
It is assumed that we deal with monochromatic light passes along the axis. Analysis of electromagnetic waves reduces to the investigation of the scalar equation for the electric field. Mode solutions for waveguide are obtained from the dimensionless Helmholtz equation for
and can be constructed using ߖ 1 , ߖ 2 , and ߖ 3 , where
The left side of the equation is the action of the operator H, is the operator with the matching conditions at the interfaces ‫ݎ‬ = ߜ and ‫ݎ‬ = 1:
( 1)
In accordance with the variational principles, minimum of the ratio 
,
is reached if is an eigenfunction of the operator H, it equals to the distance from the eigenvalue to the threshold. If there exists a trial function ߖ (satisfying the matching conditions at the interfaces) such that the function is negative:
then there exists an eigenvalue Ȧ 2 less than the threshold, Ȧ 2 ߣ 2 = ݇ 2 െ ߚ 2 . Thus, the idea is to find a trial function, which makes the expression ‫)ߖ(ܯ‬ negative.
We take the trial function ߖ as ߖ = ‫ܨ‬ + ‫,ܩ‬ where ( ) ( ) ( ) 
Then, from conditions (12)-(13), one has:
Lemma 2: The form ( ) M < for the trial function Ȳ defined in (8)- (11) can be represented as follows:
Proof:
We take some integrals by parts and after some calculations, one has 
For the trial function Ȳ defined in (8)- (11) the estimation of the ratio has the form: 
